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We give formulasfor integrationby partsover the pathspaceand overthe loop spaceof a
manifold.We defineSobolevspacesandanOrnstein—Uhlenbeckoperatoron theloop space.
We find somefunctionalswhich belongto all the Sobolevspaces.
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Introduction

Thereis alink betweenthe equivariantcohomologyof the free ioopspaceof a
compactorientedsimply connectedspin manifold andthe index theorem,see
refs. [3] and [6]. In refs. [11] and [12] Chen forms, by which we meanthe
differentialforms on loop spacesconstructedusingChen’siteratedintegrals [71,
wereusedas a meansofunderstandingandformalisingthislink. Themotivating
ideais to usethe relationbetweenthe cyclic homologyof the free loop spaceof
M. In ref. [13] the projectofunderstandingsomeofthe analyticalpropertiesof
Chenforms by discussingthe L”-theory of Chenforms is started.Our purpose
hereis to examinethe Sobolevcalculuson the free loop space.Oneof our key
requirementsis that we want a theorywhich is invariant underthe actionof the
circle on the free loopspacegivenby rotatingloops.

In ref. [14] we studytwo versionsof the Sobolev calculuson the free loop
spacewhicharebothinvariantunderrotationsofloops.Morepreciselywework
on ~dwith metric >~g

11dx’ dx’, wheretheg,~aresmoothboundedfunctions.Let A
beascalarLaplacianactingon functionsdefinedby thismetric; thusA = >lgo ö 2/

öx, ox1. Then A is auniformly elliptic secondorder differential operator.Let
p,(x,y) betheheatkernelof A.
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Now let Q~be the spaceof loopsin OR” which startat xandreturnto x after a
timeperiod 1. Let dPfX be the Brownianbridge measureon Q~.LetQbethe free
loop spaceof OR”. Then, following Bismut [6], we introducethe measure,tt =

Pi (x, x) dP~vdx on Q. This measureis the unique measureof the form
f(x) dP~clx on Qwhich is invariantunderrotationsof loops [10].

Let .Jr(ER”) bethe Hilbert spaceof pathsH: [0, 1] —FIR” which areabsolutely
continuouswith squareintegrablederivative,equippedwith the norm

11H112= J IH(t) I2dt+ J dH(t) 2 dt.

Now, as in ref. [13], for eachloop waQ we considerthe Hilbert spaces~ con-
sistingof the vector fields alongthe loop w of the form X= rH with periodicity
assumptionwhere(rH), = z, ( w ) H, with ‘r, ( w) beingstochasticparalleltransport
alongtheloop w. TheseHilbert spacesform ameasurablefield of tangentHilbert
spaceson the ioopspaceandtheywill play the role of the tangentspacesof the
loop space.

The basictool in settingup this Sobolevcalculusis integrationby partsfor-
mulas. In ref. [14] we usethe Peanoapproximationto the diffusion associated
to A, which leadsto suitablefinite dimensionalapproximationsto the Bismut
measure~u.

In ref. [13] we supposethatA is the Laplace—Beltramioperatoron acompact
Riemannianmanifold. In thiscasethe measure~i hasfinite mass.We showthat
integrationby partsformulas canbe provedusingthe abovechoiceof tangent
spacesto the loop space.To get amore intrinsic versionof theseformulasthe
basictool is aprobabilisticrepresentation,dueto Bismut [5] (seealsoref. [16 })
of grad log(p,(x,y)). In thecaseof acompactRiemannianmanifoldthemeasure

1u hasfinite massandsothe difficulties causedby the fact thatOR” is not compact
disappear.This allows us to generaliseto our casethe definition of connections
V

t andV~which leadsto thesamespacesof smoothfunctions.Thesolutionsof
stochasticdifferentialequationsaresmoothwithout anyassumptionsof locality.
Also seriesof iteratedintegralswhose introduction is motivatedby ref. [8].
Moreover,as in ref. [14], we define a Skorohodanticipativeintegral (seeref.
[17] for the flat case)andan Ornstein—UhlenbeckoperatorL such that these
functionsbelongto the domainof L” for eachp> 0. The readermayconsultrefs.
[1,21 for othermodels.

1. Integration by parts and Sobolevcalculuson the path space

Let M be acompactRiemannianmanifold of dimensiond andlet P(M) be
the space of all continuous maps w: [0, 1] —t~M.Let ii be the measure
p~(x, y) dP~dx dy on P(M), wherePi (x, y) is the heatkernelof M anddP~”
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is the Brownianbridgemeasureon P~,(M), the spaceof pathsjoiningxto y. We
usethenotationE~for expectationscomputedwith respectto thismeasure.

Following ref. [13] wetakefor thetangentspaceatapathweP(M) theHilbert
space~, of vector fields alongw of the form X, = tTHt, whereH, is apathin
T~,0M,andz, isstochasticparalleltransportalongw. Thisspaceis equippedwith
the norm

IIX,11
2=1H

01
2+ ~ (1.1)

Sincewe areworking on the pathspacethereis no circle actionandwe do not
needto chooseaninvariantnorm.

To defineaconnectionVon the tangentspacesto P(M) supposeXand Yare
vector fields on P(M), that is, sectionsof the field of Hilbert spaces~“. Now
Y= TKandwecanwrite out K in components

d

~ k’(w)V,(w
0),

i= I

wherethek’ arefunctionson P(M) andthe V1 arevectorfields on M. Nowdefine
VvKby theformula

(VvK)w= ~ <dk~,X>~V~(w0)+k
1(w)(V~~)wO, (1.2)

anddefine V~YbyVvY=’rVxK.
1fF is a functionon P(M) thenVrFis definedas usualin Riemanniangeome-

try andis an r-tensor.Thatis, for eachWEP(M), VTF~,,:~ is amul-
tilinear function.To prove that this operatoris closable,we work with the basis
for ~, given in ref. [14 (III)] andto get the necessaryestimateswe needan
integrationby partsformula.

Let X
0 be asmoothvectorfield on M andlet h= >~hV,, wherethe components

h’: [0, 1 ]—÷ORare functionsandthe V1 arevector fields on M. Now let X(w) be
the vector field along w defined by X1 ( w) = r,(X0 ( w0) + H1 ( w)), where
H,=f~h~ds.

Theorem 1.1. For anysmoothfunctionf:Mk_,IR andanysetof timest= (t1,

tk) with0<t1<~<tk< 1 letFbe thefunctionon P(M) givenbyF(w)_—f(w(t1),
..., w(tk)). Thenwehavethefollowing integrationbypartsformula:

E~[<dF,X> ]=Ep[F(div X0(w0)

~ (1.3)
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whereXisa vectorfieldon P(M),Sis theRicci tensorofM andö theIto integral.

We will discussthe proofof this theoremlater (seeref. [4] for the schemein
the flat case).Our presentpurposeis to developa Sobolevcalculuson thepath
spaceP(M). As usualwe definethe Sobolev (p, q)-norm of afunction Fon the
pathspaceby

IIFIIp,p,q ~ ~ I/q (1.4)
r~p

andtheassociatedSobolevspaceWP,p,q.It isclearthat forp’ >~pandq’ ~ q,

I IIp,p,q~ 11 IIp,p’,q’ and WPpq Wpp~q~

Now definethe spaceof smoothfunctions Wp~=flWppq.It follows that ~
is an algebraunderpointwisemultiplicationof functions.

Next we prove two theoremswhich showthatnaturalfunctionson P(M) are
smoothin the abovesense.

Theorem1.2. Let Z, be the solutionofthe Stratonovitchdifferentialequationin
OR”

dZ,=B(Z,,w,,w0)dw,+C(Z,,w,,w0)dt, Z0=y, (1.5)

whereBandChaveboundedderivativesoforder? 1. ThenZ, is in W,~.

In particularthistheoremshowsthatparalleltransportt, andafunctionf (w,)
wherefis smootharebothin W,0~,.Our secondtheoremis motivatedby ref. [81;
seeref. [13] for the L’~version.

Theorem 1.3. Letf” besmoothfunctionsand w7 one-formson M. Let F be the
function

F(w)= Xf~(wo) J w~(dw~1)w~(dw,~). (1.6)
~

ThenF is in W,~ifthepowerseries

(flE=IIIw~IIk,~’\
Wk(Z)X11f IIk,~ ~ (1.7)

has infinite radiusofconvergencefor anyk.Here Iw~IIk~is theuniformCk norm
ofw~.

Now let usdiscussthe proofof theintegrationby partsformula,theorem1.1.
First recallan integrationby partsformuladueto Bismut [5]. Let P,(M) bethe
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spaceof continuouspathsin M which startat x. GivenweP~(M),let Y,be the
vectorfield alongw, which isthe solutionof the stochasticdifferentialequation

DY,=(—~SY+R)dt, Y0=0, (1.8)

whereD is the covariantderivative.Herethefunction/i’is previsibleandbounded
in L

2. As aboveletf be a smoothfunctionon M~wheretherearen factorsof M
andfix asequenceof timest= (t

1, ..., ta). ThisdeterminesafunctionF: ~x (M) —* OR,
wi—+f( w,1, ..., w,,,). Fromref. [8] weget the following formula:

(1.9)

where,J’ ~<ui~,,~w~>is the Ito integral.
By taking X, = x, f ‘~h~ds,R= t5h5+ ~SX, we deducethe following formuladue

to Driver [9]:

~ (1.10)

To provetheorem1.1 we follow themethodof ref. [14] but usea differentfinite
approximationto vp. Choosea cylindersetC~,wheres= (s1, ..., s~)is a sequence
of timeswhich includes (t1, ..., tk). Now restrictingto C~we have

J F= J
C, MN42

xf(xJl,...,xJ~)dxdxI”dxNdy,

whereJr isdeterminedby t,. =sr. Approximatethepathw by usinggeodesicsjoin-
ing w5, to w51~1.Only the termswith w5, andw51÷ closeto eachothercontribute
to the limit asN—t.cc. By usingthe paralleltransportoperatoralongthis broken
geodesicweget an approximationX~of the vectorfield X, in thecasewhereh1 is
piecewisesmooth,

VN — N ivN ( \ Nj,

t,+I ‘t~+I,1~1~ ~,tj4~ tj)t11 ‘it,

Here t~’÷,, is paralleltransportfrom w1 to w1~alongthegeodesicjoining these
two points.Now wepassto thelimit N—~c~.

Lemma1.4. Let SandTbetwostoppingtimes.Thereexistsemi-martingalepro-
cessesA, B, C andD such thatA~,B,, C~and D5 aresmoothfunctionsof w, with
valuesin asuitablespaceofformssuchthat

~ V,vç’ logp,,~_,,(w1,w1÷) + Vxç’ logp,,~I ~ w11, w,,÷) (1.11)
S<t~<T
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convergesasN—~~to

J (<A~(X~),~w
5> + <B5fth5), ow5> +C5(X5) ds+D5(t~h5) ds). (1.12)

Proof Following ref. [5, theorem2.14]wehave

~ log~ w,,~1)

Et~t1[ 1 “k’ <~s~~dWs>]~ (1.13)
ti+I —ti

wherewe takethe Stratonovitchintegralalongthe Brownianpath w5joining w11
to w,1÷1in atime t,~1— t,. Here~ is thesolutionof the equationD~5= — ~S~Sds,

= 1.
By reversingtimealongthepathw5 weget

Vx,N logp,1~~_,~(w,1, w,~ ) = _E~,+t[~’~

11+1

x J ~ (t,~1—t~)r~h,,),dw5>]~ (1.14)

whereDt~= ~SfSds. Thuswe needto studythe convergenceof

1 E~ [J ~ — ~ ~ - -

S<t,<T tj~1 ~i

x (X~+(t1~1—t1)~h,1),dws>].

Since ~ andt~differ from r5 by a term in t,+1 — t., the mostdifficult partis to
studythebehaviourof

S<t,<T tj~1 tj

xE~L~[J <tsX~_;1_tix~t1+iX~~dws>]. (1.15)

Thetypeof cancellationwhichoccursin ref. [14] will alsooccurhere.To seethis
westudythe measure
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~ <rssr1’~~dws>f(wt)] (1.16)

for Brownianmotion startingat x. We cansupposethatover [S, T] the process
lies in OR”. If xandy arecloseto eachotherthe densityof this measurehasan
expansionin the form

q,(x,y)= e~~y2t) ~a,(x,y)t”2, (1.17)

wherethea
1(x, y) aresmooth.Hered(x, y) istheRiemanniandistancefunction.

Now we usethefact thatE[j7~g~dw5] for aflat Brownianloopbridge startingat
0andendingat0aftertime 1. By working in normalcoordinates(seerefs. [15,181
for similarcomputations)wededucethatao(x,y) =a1(x,y)=0 providedxand
y arecloseenough.Moreovera2(x,x)=a3(x, x) =0; to prove thata3(x,x) =0
weneedto usethefact thattheexpectationovera flatBrownianbridgeof iterated
integralsofthe form

J dw~dw~
0<si <S2<S3< I

is zero.Now it follows that

a2(x,y)=a~’~(x,x)(y—x)+a~
2~(x,x)(y—x)2+o(Ix—y~3),

~

a
4(x,y)=a4(x,x)+o(~y—xI). (1.18)

Theheatkernelhasan expansionin the form

p,(x,y)= exp(—d(x,y)
2/2t)~ b,(x,y)tU2

andwe deducethatif x, lies in a subsetof ORdovertheinterval [S, T] then

KN( S, T) = ~ <A’ ( w,,) X~,w,,÷~—
S<ta<T

+ ~ (B’(w,
1))(~’)(t,~1 —t,)

s<li< T

+ ~ <C’(w,,)X~’, w,,+~—w,~,w,~÷1—we,>
S< t, <

+ ~ <D’(w,,)X~’,o(Iw,,+~—w,11
3)> . (1.19)

S.rt,< T

We cannowpassto thelimit. This limit hasan intrinsiccharacter,thatis, it does
not dependon the choiceof local coordinates,sinceK” does,andourtheorem
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follows by convertingthe Ito integralsover ORd which occur in the aboveexpres-
sion for KN(S, T) into Ito integralsoverM, which haveanintrinsic meaningby
consideringthe Ito—Meyer decompositionof the processK(S, min(t, T)). ~

Lemma1.5. Let SandTbetwostoppingtimes.Thereexistsemi-martingalepro-
cessesA andBsuchthatA, andB~aresmoothfunctionsofw5 withvaluesinforms
suchthat >~<,~<7div X,~’convergesasN—fccto

<A5(X,),Ow,>+ JB5(X5)ds.

Proof We can supposethatover the interval [5, T] the processlies in a local
chartfor M. We work in normalcoordinates.If r~’is paralleltransportalongthe
geodesicjoining w1~to w,, for i~lit follows that

dT~”=—T’~N(w,1+s(w,,—w,,))(w,,—w1_~)ds,t~’=t~”1i, (1.20)

wherethe Christoffelmatrix f’is zeroat w,,1, is the analogueof thecancellation
whichappearsin ref. [14] andwe deducethat

~

+B’(w,1, X~_+ (t~~I —t1)z~ h,,_)(w,, — w,,~

+o((w,—w,~)
3)+o(t

1—t,1) , (1.21)

andthe proofof lemma1.5 is completedin the sameway as the proofof lemma
1.4.

Frombothpreviouslemmasweseethat

E~[<dF~X>]=E~[F(divXo+ J <A(X~),Ow~>

+ J <B(t~h5), Ow~>+ J C(X~)ds+ J D(t~hc))].

(1.22)

IfX0=0 weknowthatthe sumof the aboveintegralsis equalto

J <z~h5,Ow5> + J <S~,,Ow,>.

The formulaforE~[<dF, X>] canbeextendedto all previsibleh5 boundedin L 2~

MoreoverA, B, C, D havethe sameshapeas in ref. [14]. However, if A, B, C,



R. Leandre/integration by parts formulas 525

and.t~areprocessesofthisparticularlynicetypesuchthat for all X5=t5H5,where

H~=J~h~,du with h previsibleandbounded,wehave

J <A(X~), Ow5>+ J <B(z5h5),Ow5> + J C(X5)ds+ J ~(t5h5)

thenit follows thatA=B=C=D=0.
If .~ is not zerowecanchooseastoppingtime T< 1, with probability strictly

positive,anda deterministicprocessh5 with R”~(0) � 0 suchthat on the condi-
tion that FT< 1, if wetake h5=~ the sumof the four integralsin the above
formulahasadensitysuchthatfrom Malliavincalculuswe deducefrom thesame
type of argumentthatA=0. For all X5 we haveJ~C(X5) ds+J~D(r,h5)ds=0.
But Li is a smoothfunction in w5. We deducethat Li(r,,) hasboundedvariation,
andfrom stochasticcalculusit is constant.

That implies C=0.

2. The Sobolevcalculuson the free loopspaceand anticipative integrals

In order to get an integrationby partsformula over the free loop spacefor
periodicvectorfields

Xi=Tt[Xo(wo)+t(z~)Xo(wo)+ Jh5th]

with h5 as in the previoussection,suchthatJ~h~ds=0,we proceedin the same
way. First we extendthevectorfieldsoverthepathspaceby setting

Xt=~(wo,wi)rt[Xo(wo)_tXo(wo)+tr~~(wi,wo)Xo(wo)+Jhsds]~

whereo= 1 whenw0= w1 andhasasmallcompactsupportaroundthe diagonal
suchthat w0 andw1 arejoinedby auniquegeodesicwhen~� 0, and r( w1, w0) is
paralleltransportalongthatgeodesic.If westudythe divergenceof theextended
vectorfields X over the pathspace,the derivativeof z’~’~andzN( w0, w1) will
appearin its approximationp”; but it differsfrom thepolygonal approximation
of integrationby partsoverthe ioop spaceby aterm in whichthe derivativeof
~N(wo w1) appears.So we only have to studythe limiting behaviourof the
expression/Z” for thelaw ~ As in ref. [141, weuseMalliavin calculusby study-
ing the measuref—~E~[/Z”f(w1 (x)) 1. Since,1Z” convergesto IZ in the Malliavin
sense,wecanintroducethe functionoverthe space
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F(wo):Y(wO)~V,Y(W0)r~z(wO,wI).

In theMalliavin sense,if X,=

~N~divXo+J <r~5,Ow5>

+ ~ J <Sr,, Ow5> —trP(w)X0(w0)=R. (2.1)

But overthe loop space,div X differsonly from i? in the derivativeof t( w0, w1).

SowetakeF,,, overtheloop space:

FW:Y(wO)~V,Y(WO)t~

and

divX=divX0+ J <z~ii5,ow5>

+ <S~,,Ow5>—trF(w)Xo(w0). (2.2)

Now wecanintroduceaconnectionV°.We first takethesubbundleofthetangent
spaceof theloop spaceof vectorsof the type ~, f~h5 ds, 5~h5 ds= 0, andthecon-
nectionV°overthatsubspaceis therestrictionof thepreviousconnectionto that
subspace.If X0 is given, thereis only one vector field ~(X0) orthogonalto the
previousspacefortheHilbert structuref~IX~

2dt+J~Ill, Vdt (seeref. [13] for
thatHilbert structure).V°~(X

0)is by definitionequalto ~‘(VX0).We can rotate
the connectionV°andwe find aconnectionVt; by averagingweget aconnection
V”=f~ V’ dt which isinvariantunderrotation.TheSobolevspacefor thesecon-
nections(integrationby partsfor the orthogonalbasis of the Hilbert spaceused
in ref. [14] allowsusto definethem)satisfies(seeref. [14])

CII~IIp,q ~ II. II~,q’~ IIp,q” for q<q’~~zq”. (2.3)

Moreover,wehave:

Theorem2.1. A smoothfunctionalover thepath spacerestrictsto a smoothfunc-
tional overthe loopspace.

We deducefrom this theoremthat theorems1.2 and 1.3 arestill true. More-
over, thezeroorderpartofthe Wittencurrentwhichto F associates
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i~[trsr~1exp(_ ~JK(w5) ds)F]

is asmoothmeasurein thissense(Kis thescalarcurvatureandtr5. rj
1 thesuper-

traceoverthespinorfor aspin manifold [12,11]).
In orderto handletheLaplacianwe canrepeatthe argumentof ref. [14]. If F

is asmoothfunctionaloverthepathspace,wewill sayit is stronglysmoothif the
kernels k,(s

1, ..., s,,) of its derivativessatisfy outsidethe the diagonalsthe
Kolmogorovcriterion (seeref. [14] for moredetails).A vector field r,H, over
the pathspaceis saidto be strongly smoothif the kernelsk1(t, ~I, ~ s,,) of its
covariantderivativessatisfyoutsidethe diagonalsthe Kolmogorovcriterion, t

included.If w0 andw1 arecloseenough,we definethe subbundleof thetangent
space of vectors such that X1 =r(w1, w0)X0 with the Hilbert structure

I X, 12 dt + I ~I lit I
2dt dFbeinga continuousform, we candefineits dualX

5
over that Hilbert subbundleand by adding q(w0,w1) before XE, we get
~ w1 )XF, which restrictsto gradF overthe loopspacefor smooth
functionalsoverthe pathspace.

Theorem2.2. 1fFisstronglysmooth,grad~~,Fisstronglysmooth.

Moreover,let Xbe astrongsmoothvectorfield suchthatX1 =‘r(w1, wo)X0and
X1=0 if~(w1,w0)=0. We consider~(w1, w0)Xandsplit it in two parts.Thefirst
partis givenby rj0 h5ds=~’with J’~h5 ds=0.Since~l =~~“o=0,its divergence,if
it exists over the pathspaceandis smooth,restrictsto the divergenceover the
loop space.ThesecondpartXis givenby

X1=’r,[X0—tX0+trj~r(w1,w0)X0]

Takingthe formulagivenat thebeginningfor the divergenceovertheloop space
[wedo not derive‘r( w1, w0) ], wegetdivext~andweputdiv~~~x=divextX+div X.
It is not the divergenceoverthepathspacebecausein the last casewe haveto
deriver(w1, w0) too. As in ref. [14], wehave:

Theorem2.3. IfXis stronglysmooth,divextX isstronglysmooth.

This theoremimplies that, if F is a strongly smoothfunctionalover the path
space,wecanrestrictF over the loop spaceandapply all the powerof the Orn-
stein—UhlenbeckoperatorL = div gradoverthe loopspace.In particular,wecan
apply,following ref. [14], all the powerof L overthe ioopspaceof the function-
als definedby theorems1.1 and 1.2 andget quantitieswhich belongto all of
L”(1u).
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